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We study a correct statement of the scattering problem arising for quantum charged
scalar particles on the Reissner-Nordstro¨m black holes when taking into account the own
electric field of black hole. The elements of the corresponding S-matrix are explored in
the form convenient to physical applications and for applying numerical methods. Some
further possible issues are outlined.
1. Introduction
As is well known (see, e. g., Ref.1), when calculating miscellaneous quantum
effects in the 4D black hole physics one encounters many scattering problems. These
problems can be split into two classes: the ones on the semiaxis and the ones on the
axis. The former class is important when analysing, for example, the processes of
the particle absorption by black holes. The latter one, to our mind, more important
for the 4D black hole physics, is connected with semiclassical quantization of various
physical fields on the background of the black holes and with quantum effects arising
within the framework of this approach, for instance, such as the Hawking radiation
process. Under the circumstances the situation with a more or less strict study of
the mentioned problems should, however, be considered as unsatisfactory.
As a rule, the investigators treat the given problems at a qualitative level using
one or another approximation without any justification from mathematical point of
view. But many effects in the 4D black hole physics can be computed only numeri-
cally and when doing so it is very important to know whether the quantities under
evaluation exist in the strict mathematical sense. The given quantities, however,
often contain the characteristics related with the mentioned scattering problems,
for example, the elements of the corresponding S-matrices. It is evident that in this
situation the physical value of such computations is extremely low and they can
serve only as a crude approximation.
The present note is intended to consider correctly one of the abovementioned
scattering problems which arises when studying topologically inequivalent config-
∗PACS Nos.: 03.65.Nk, 03.80.+r, 04.70.Dy
1
2 N. E. Firsova
urations (TICs) of complex scalar field on the 4D black holes. As was discussed
in Refs.2, the standard spacetime topology R2 × S2 of the 4D black hole physics
admits the countable number of TICs for the complex scalar field, each TIC being
labeled by its Chern number n ∈ Z. In its turn, this yields, for instance, the ad-
ditional contributions to the Hawking radiation due to the twisted TICs, i. e., the
ones with n 6= 0. From physical point of view such contributions are conditioned
by the natural presence of Dirac magnetic U(1)-monopoles on black holes. This
question was explored in Refs.3,4 for the Scwarzschild (S) and Reissner-Nordstro¨m
(RN) black holes. Referring for more details to Refs.3,4, we shall here adduce the
expression for the luminosity L(n, α) with respect to the Hawking radiation for TIC
with the Chern number n for the case S and RN black holes. It looks as follows
L(n, α) = 2A
∞∑
l=|n|
(2l+ 1)
∞∫
0
B
|s11(k, α, l)|2 k dk
e4pik[1+f(α)] −B (1)
with dimensionless k and f(α) = 12 (
√
1− α2+1/√1− α2), while A = 12pih¯
(
h¯c3
GM
)2
≈
0.273673 ·1050 erg · s−1 ·M−2 (M in g), e = 4.8 ·10−10 cm3/2 · g1/2 · s−1, α = |Q|/M
with 0 ≤ α < 1, M , Q are, respectively, a black hole mass and an electric charge,
and B = exp[−4pieQ
√
G
h¯c
1+f(α)
1+
√
1−α2 ].
In formula (1) we assume that eQ > 0 or else it should be regularized because
then there is a singularity in the integral.
To find the coefficient s11, one should consider a scattering problem on the axis
for the Schro¨dinger type equation
[− d
2
dx2
+ q(x, α, l)]ψ(x, k, α, l) = (k +
eQ
y(x)
)2ψ(x, k, α, l), (2)
q(x, α, l) =
[
1− 2
y(x)
+
α2
y2(x)
] [
N
y2(x)
+
2
y3(x)
− 2α
2
y4(x)
]
, (3)
where y(x) is a function reverse to the following one
x(y) = y +
y2+
y+ − y− ln
∣∣∣∣y − y+2
∣∣∣∣− y2−y+ − y− ln
∣∣∣∣y − y−2
∣∣∣∣ , (4)
y± = 1±
√
1− α2, (5)
so y(x) is the one-to-one correspondence between (−∞,∞) and (y+,∞). Besides,
N = l(l+1) or N = l(l+1)−n2 (in both the cases l = |n|, |n|+1, ...) in dependence
of the gauge choice for connection Aµ (vector-potential for the conforming Dirac
monopole) in the line bundle with the Chern number n. Both the gauges are
interesting from physical point of view but for the considerations in the present
paper the concrete choice is inessential, therefore, in what follows, the notation
q(x, α, l) can be taken as the common one for both the cases.
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In 4D black holes physics literature (see, e. g., Ref.1) it is proposed to determine
the scattering functions as the solutions of the equation (2) which obey the following
conditions
Ψ1(x, k, α, l) ∼
{
ei(k+eQ/y+)x + s12(k, α, l)e
−i(k+eQ/y+)x , x→ −∞,
s11(k, α, l)e
ikx, x→ +∞, (6)
Ψ2(x, k, α, l) ∼
{
s22(k, α, l)e
−i(k+eQ/y+)x, x→ −∞,
e−ikx + s21(k, α, l)eikx, x→ +∞ (7)
with S-matrix
S(k, α, l) =
(
s11(k, α, l) s12(k, α, l)
s21(k, α, l) s22(k, α, l)
)
. (8)
In the case of the S black hole, one should take α = Q = 0 and we come to
the standard scattering problem on the axis for the Schro¨dinger equation which
is well described in literature (see, e. g., Ref.5) and it was used in Ref.3. The
next important case is the RN black hole when neglecting the influence of its own
(external) electric field on the charged scalar particles leaving the black hole. In
this situation, one should take e = 0 in (2), (6), (7), so that B = 1 in (1), and we
again come to the standard scattering problem for the Schro¨dinger equation but
with the more complicated potentilal (3), where α 6= 0. This case was analysed
in Ref.4. It is clear that the most general case with taking into account the own
electric field of RN black hole requires considering the scattering problem for (2) at
arbitrary e 6= 0, Q 6= 0, α 6= 0. This note is devoted just to this case. It is clear
that there are difficulties in this problem since the potential q(x, α, l) of (3) is given
in an inexplicit form. Besides, as will be seen below, the above statement of the
scattering problem (see (2), (6)–(7)) is not quite correct at e 6= 0, Q 6= 0, α 6= 0 and
needs some changes. The reason is that the problem (2), (6)–(7) has no solution
since the effective potential of the problem is equal to
q(x, α, l) − 2k eQ
y(x)
− e
2Q2
y2(x)
and it is not integrable at x → +∞ (long range potential, see below), though the
potential q(x, α, l) is integrable 4. Therefore the problem should be regularized.
We start in Sec. 2 by obtaining the necessary estimates needed for the further
correct statement of scattering problem under consideration. In turn, this allows
us to formulate the mentioned problem in Sec. 3 while Sec. 4 contains the study of
some asymptotic properties of the conforming S-matrix that can be useful, for ex-
ample, for checking numerical calculations. Finally, Sec. 5 is devoted to concluding
remarks.
Physical issues of the results obtained here will be discussed elsewhere, as they
require numerical calculations like those in Refs. 3,4 and the results of the present
paper give the necessary basis for these computations.
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2. Preliminaries
To study equation (2) we should first explore functions y(x) and q(x, α, l). From
(4), (5) it follows that if y varies from y+ = 1+
√
1− α2 to +∞ then x varies from
−∞ to +∞. We see that
xy→y+ =
y2+
2
√
1− α2 ln |y − y+|+O(1)→ −∞
So we have
y(x)x→−∞ = y+ +O(exp(
2
√
1− α2
y2+
x)) . (9)
Taking into consideration that y2+ − 2y+ + α2 = 0 we get
(1− 2
y(x)
+
α2
y2(x)
)x→−∞ = O(exp(
2
√
1− α2
y2+
x)) ,
and (see (3))
q(x, α, l)x→−∞ = O(exp(
2
√
1− α2
y2+
x)) . (10)
It is clear that
y(x)x→+∞ = x(1 +O(
ln x
x
)) . (11)
From (3) and (11), (9) we see
q(x, α, l)x→+∞ = O(x−2) . (12)
From (9), (10) it follows that as x→ −∞ the equation (2) has the form
[
d2
dx2
+ (k +
eQ
y+
)2]ψ(x, k, α, l) = q−(x, k, α, l)ψ(x, k, α, l) , (13)
where
q−(x, k, α, l) = u−(x, k, α, l) + 2(k +
eQ
y+
)v−(x, k, α, l) , (14)
u−(x, k, α, l) = q(x, k, α, l)− v−(x, k, α, l)2 , (15)
v−(x, k, α, l) = eQ(
1
y+
− 1
y(x)
) . (16)
Here
u−(x, k, α, l)x→−∞ = O(exp(
2
√
1− α2
y2+
x)),
v−(x, k, α, l)x→−∞ = O(exp(
2
√
1− α2
y2+
x)),
and consequently∫ a
−∞
|u−(x, k, α, l)|dx < C(a),
∫ a
−∞
|v−(x, k, α, l)|dx < C(a). (17)
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From (11), (12) it follows that as x→ +∞ the equation (2) has the form
[
d2
dx2
+ (k2 + 2k
eQ
x
)]ψ(x, k, α, l) = q+(x, k, α, l)ψ(x, k, α, l), (18)
where
q+(x, k, α, l) = u+(x, k, α, l) + 2kv+(x, k, α, l), (19)
u+(x, k, α, l) = q(x, k, α, l)− e
2Q2
y2(x)
, (20)
v+(x, k, α, l) = eQ(
1
x
− 1
y(x)
) . (21)
Hence, as x→ +∞ (see (11), (12))
u+(x, k, α, l) = O(x−2), v+(x, k, α, l) = O(x−2) .
As a result ∫ +∞
a
|u+(x, k, α, l)|dx < c(a),
∫ +∞
a
|v+(x, k, α, l)|dx < c(a), (22)
The homogenous equation for (13) is
[
d2
dx2
+ (k +
eQ
y+
)2]ψ−0 (x, k, α, l) = 0, (23)
and its general solution has the form
ψ−0 (x, k, α, l) = C
−
1 e
i(k+ eQ
y+
)x
+ C−2 e
−i(k+ eQ
y+
)x
. (24)
Let us now consider the homogenous equation for (18)
[
d2
dx2
+ (k2 + 2k
eQ
x
)]ψ+0 (x, k, α, l) = 0. (25)
Transforming it we obtain for
u(z, k, α, l)) = ψ+0 (
z
2ik
, k, α, l))
the Whittaker equation 6
u′′zz + {−
1
4
− ieQ
z
}u = 0. (26)
A couple of the Whittaker functions W−ieQ, 1
2
(z), WieQ, 1
2
(−z) forms a fundamental
system of solutions for the equation (26) because they have asymptotic behavior as
follows 6
W−ieQ, 1
2
(z) = e
1
2
zz−ieQ(1 +O(
1
z
)), | arg z| < pi, z →∞, (27)
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WieQ, 1
2
(−z) = e 12 z(−z)ieQ(1 +O(1
z
)), | arg(−z)| < pi, z →∞. (28)
Hence the general solution of (26) is
u(z, k, α, l) = C+1 W−ieQ, 1
2
(z) + C+2 WieQ, 1
2
(−z). (29)
It means that the general solution of (25) has the form
ψ+0 (x, k, α, l) = C
+
1 WieQ, 1
2
(−2ikx) + C+2 W−ieQ, 1
2
(2ikx) (30)
and
WieQ, 1
2
(−2ikx) = eikx|2kx|ieQe pieQ2 (1 + O( 1|kx| )), x→∞, (31)
W−ieQ, 1
2
(2ikx) = e−ikx
1
|2kx|ieQ e
pieQ
2 (1 +O(
1
|kx| )), x→∞. (32)
We introduce also functions
w±ieQ, 1
2
(±z) =W±ieQ, 1
2
(±z)e−pieQ2 , (33)
which are more convenient. They form the fundamental system of solutions of the
equation (25)as well. We may write the general solution of (25) as follows
ψ+0 (x, k, α, l) = c
+
1 wieQ, 1
2
(−2ikx) + c+2 w−ieQ, 1
2
(2ikx) (34)
and
wieQ, 1
2
(−2ikx) = eikxeieQ ln |2kx|(1 +O(|kx|−1), x→∞, (35)
w−ieQ, 1
2
(2ikx) = e−ikxe−ieQ ln |2kx|(1 +O(|kx|−1)), x→∞. (36)
The functions w−ieQ, 1
2
(z), wieQ, 1
2
(−z) are complex conjugate, i.e.
wieQ, 1
2
(−2ikx) = w−ieQ, 1
2
(2ikx) (37)
and their Wronskian is equal to
[w−ieQ, 1
2
(2ikx), wieQ, 1
2
(−2ikx)] = 2ik. (38)
3. The Scattering Problem
We denote ψ−(x, k, α, l) the Jost type solution of the equation (13), i.e.
[
d2
dx2
+ (k +
eQ
y+
)2]ψ−(x, k, α, l) = q−(x, k, α, l)ψ−(x, k, α, l), (39)
ψ−(x, k, α, l) = e−i(k+
eQ
y+
)x
+ o(1), x→ −∞. (40)
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Varying constants in (23), (24) according to the Lagrange method, we obtain the
integral equation equivalent to the problem (39), (40)
ψ−(x, k, α, l) = e−i(k+
eQ
y+
)x
+
1
k + eQy+
∫ x
−∞
sin[(k +
eQ
y+
)(x− t)]q−(t, k, α, l)ψ−(t, k, α, l)dt. (41)
The convergence of the series of approximations for this equations follows from (17)
as usual (see, e. g., Ref.5).
Differentiating equation (41) we obtain expression for derivative
(ψ−)′x(x, k, α, l) = −i(k +
eQ
y+
)e
−i(k+ eQ
y+
)x
+∫ x
−∞
cos[(k +
eQ
y+
)(x − t)]q−(t, k, α, l)ψ−(t, k, α, l)dt (42)
A couple of functions ψ−(x, k, α, l), ψ−(x, k, α, l) is the fundamental system of so-
lutions for the equation (39) and
[ψ−(x, k, α, l), ψ−(x, k, α, l)] = 2i(k +
eQ
y+
). (43)
We denote ψ+(x, k, α, l) the Jost type solution of the equation (18), i.e.
[
d2
dx2
+ (k2 + 2k
eQ
x
)]ψ+(x, k, α, l) = q+(x, k, α, l)ψ+(x, k, α, l), (44)
ψ+(x, k, α, l) = wieQ, 1
2
(−2ikx) + o(1), x→ +∞. (45)
Varying constants in (25), (34) according to the Lagrange method, we obtain the
integral equation equivalent to the problem (44), (45)
ψ+(x, k, α, l) = wieQ, 1
2
(−2ikx) + 1
2ik
×∫ +∞
x
[w−ieQ, 1
2
(2ikt)wieQ, 1
2
(−2ikx)− wieQ, 1
2
(−2ikt)w−ieQ, 1
2
(2ikx)]×
×q+(x, k, α, l)ψ+(t, k, α, l)dt. (46)
The existence of the solution of this equation follows from (22) as usual. Differen-
tiating equation (46) we obtain expression for derivative
(ψ+)′x(x, k, α, l) = −2ikw′ieQ, 1
2
(−2ikx)− e−pieQ ×∫ +∞
x
[w−ieQ, 1
2
(2ikt)w′ieQ, 1
2
(−2ikx) + wieQ, 1
2
(−2ikt)w′−ieQ, 1
2
(2ikx)]×
q+(t, k, α, l)ψ+(t, k, α, l)dt. (47)
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The pair of functions ψ+(x, k, α, l), ψ+(x, k, α, l) is the fundamental system of so-
lutions for the equation (44) and
[ψ+(x, k, α, l), ψ+(x, k, α, l)] = −2ik. (48)
We write now decomposition of the solution ψ+(x, k, α, l) to the fundamental system
ψ−(x, k, α, l), ψ−(x, k, α, l), and the solution ψ−(x, k, α, l) to the pair ψ+(x, k, α, l),
ψ+(x, k, α, l). We obtain{
ψ−(x, k, α, l) = c11(k, l)ψ+(x, k, α, l) + c12(k, l)ψ+(x, k, α, l),
ψ+(x, k, α, l) = c21(k, l)ψ−(x, k, α, l) + c22(k, l)ψ−(x, k, α, l).
(49)
We call the matrix C = {cij} the transition matrix for the equation (2). Let us
explore its elements. From (43), (48), (49) it follows
c11(k, α, l) =
1
2ik
[ψ+(x, k, α, l), ψ−(x, k, α, l)], (50)
c12(k, α, l) =
1
2ik
[ψ−(x, k, α, l), ψ+(x, k, α, l)], (51)
c21(k, α, l) =
1
2i(k + eQy+ )
[ψ−(x, k, α, l), ψ+(x, k, α, l)], (52)
c22(k, α, l) =
1
2i(k + eQy+ )
[ψ+(x, k, α, l), ψ−(x, k, α.l)]. (53)
Let us investigate the properties of elements cij . For this purpose we put equations
(49) one into another. Then we have
c11(k, α, l)c22(k, α, l) + c12(k, α, l)c21(k, α, l) = 1, (54)
c22(k, α, l)c11(k, α, l) + c21(k, α, l)c12(k, α, l) = 1, (55)
c11(k, α, l)c21(k, α, l) + c12(k, α, l)c22(k, α, l) = 0, (56)
c21(k, α, l)c11(k, α, l) + c22(k, α, l)c12(k, α, l) = 0. (57)
It follows from equations (50)-(53)
γ(k, α)c11(k, α, l) = −c22(k, α, l), (58)
γ(k, α)c12(k, α, l) = c21(k, α, l) , (59)
where
γ(k, α) =
k
k + eQy+
. (60)
From (54)-(59) we get also
γ(k, α)(|c12(k, α, l)|2 − |c11(k, α, l)|2) = 1, (61)
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γ−1(k, α)(|c21(k, α, l)|2 − |c22(k, α, l)|2) = 1. (62)
These equations can be written in the form
1
γ(k, α)
1
|c12(k, α, l)|2 + |
c11(k, α, l)
c12(k, α, l)
|2 = 1, (63)
γ(k, α)
1
|c21(k, α, l)|2 + |
c22(k, α, l)
c21(k, α, l)
|2 = 1. (64)
We introduce now solutions Ψ+(x, k, α, l), Ψ−(x, k, α, l) of the equation (2) satisfy-
ing the following conditions
Ψ+(x, k, α, l) =
{
e
i(k+ eQ
y+
)x)
+ s12(k, α, l)e
−i(k+ eQ
y+
)x
+ o(1), x→ −∞,
s11(k, α, l)wieQ, 1
2
(−2ikx) + o(1), x→ +∞, (65)
Ψ−(x, k, α, l) =
=
{
s22(k, α, l)e
−i(k+ eQ
y+
)x
+ o(1), x→ −∞,
w−ieQ, 1
2
(2ikx) + s21(k, α, l)wieQ, 1
2
(−2ikx) + o(1), x→ +∞. (66)
As a result, from (49) we obtain

Ψ+(x, k, α, l) = ψ−(x, k, α, l) + s12(k, α, l)ψ−(x, k, α, l) =
s11(x, k, α, l)ψ
+(x, k, α, l),
Ψ−(x, k, α, l) = s22(k, α, l)ψ−(x, k, α, l) =
ψ+(x, k, α, l) + s21(k, α, l)ψ
+(x, k, α, l).
(67)
In the similar way, from (49) we get
Ψ−(x, k, α, l) =
ψ−(x, k, α, l)
c12(k, α, l)
,
s21(k, α, l) =
c11(k, α, l)
c12(k, α, l)
, s22(k, α, l) =
1
c12(k, α, l)
, (68)
and
Ψ+(x, k, α, l) =
ψ+(x, k, α, l)
c21(k, α, l)
,
s12(k, α, l) =
c22(k, α, l)
c21(k, α, l)
, s11(k, α, l) =
1
c21(k, α, l)
. (69)
For example for the transition coefficient s11(k, α, l) which stands in the expression
(1) for the luminosity L(n, α) we have formula
s11(k, α, l) = 2i(k +
eQ
y+
)/[ψ−(x, k, α, l), ψ+(x, k, α, l)] . (70)
According to (63), (64) we get the unitarity relations for matrix S = {sij},
γ−1(k, α)|s22(k, α, l)|2 + |s21(k, α, l)|2 = 1, (71)
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γ(k, α)|s11(k, α, l)|2 + |s12(k, α, l)|2 = 1. (72)
4. Asymptotic properties of S-matrix
To find out asymptotic behavior of the elements of S-matrix as k →∞ we should
at first obtain the representation formulas for Jost type functions ψ±(x, k, α, l).
They are as follows
ψ−(x, k, α, l) = F−(x)e−i(k+
eQ
y+
)x
+
∫ x
−∞
A−(x, t)ψ−(t, k, α, l)dt, , (73)
F−(x) = exp[i
∫ x
−∞
v−(x)dx] (74)
and
ψ+(x, k, α, l) = F+(x)wieQ, 1
2
(−2ikx) +
∫ +∞
x
A+(x, t)ψ+(t, k, α, l)dt, , (75)
F+(x) = exp[i
∫ +∞
x
v+(x)dx] . (76)
We have here
|
∫ ±∞
x
|A±(x, t)|dt| < C|
∫ ±∞
x
(|u±(x)| + |(v±)′(x)|)dx| . (77)
To get formulas (73)-(76) one should replace ψ±(x, k, α, l) in the integral equation
(41), (46) by its representations (73), (75) as usual (see Ref.7). Then we obtain the
equations for A±(x, t) and F±(x). Solving equations for F±(x) we get formulas
(74), (76).
From (73)-(77) it follows that at k →∞
ψ−(x, k, α, l) = e−ikx exp{i
∫ 1
−∞
v−(x)dx − ieQ
y+
− ieQ
∫ x
1
dx
y(x)
}+ o(1) , (78)
ψ+(x, k, α, l) = eikx ×
exp{ieQ ln 2k + i
∫ 1
−∞
v+(x)dx − ieQ
∫ x
1
dx
y(x)
}+ o(1) . (79)
It is not difficult to show that asymptotics (78), (79) can be differentiated. So, we
have
(ψ−)′(x, k, α, l) = −ike−ikx ×
exp{i
∫ 1
−∞
v−(x)dx − ieQ
y+
− ieQ
∫ x
1
dx
y(x)
}[1 +O( 1
k
)] , (80)
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(ψ+)′(x, k, α, l) = eikx ×
exp{ieQ ln 2k + i
∫ 1
−∞
v+(x)dx − ieQ
∫ x
1
dx
y(x)
}[1 +O( 1
k
)] . (81)
From (78)-(81) it follows the asymptotic for Wronskian
[ψ−(x, k, α, l), ψ+(x, k, α, l)] =
2ik exp{ieQ[ln 2k − 1/y+} exp(iV )[1 +O( 1
k
)] , (82)
where
V =
∫ ∞
−∞
v(x)dx, v(x) =
{
v+(x), x ≥ 1,
v−(x), x < 1,
. (83)
Therefore from (52), (69) we have
s11(k, α, l) = exp{−ieQ[ln 2k − 1/y+]} exp(−iV )[1 +O( 1
k
)] . (84)
In the same way we get asymptotics (see (51), (68))
s22(k, α, l) = exp{−ieQ[ln 2k − 1/y+]} exp(−iV )[1 +O( 1
k
)] (85)
and (see also (50), (53))
s12(k, α, l) = O(
1
k
) , s21(k, α, l) = O(
1
k
) . (86)
So, we have come to the conclusion that the correct statement of the scattering
problem for the equation (2) at e 6= 0, Q 6= 0, α 6= 0, should include the conditions
(65)-(66) rather than the ones (6)–(7) accepted in the physical papers (see, e. g.,
Ref.1 and references cited therein). It may be understood from the physical point of
view since the own (external) electric field of RN black hole is the Coulomb one. But
as is known from the ordinary quantum mechanics (see, e. g., Ref.8) the Coulomb
potential always requires special treatment so long as it is the long-range one.
5. Concluding remarks
We considered one of the scattering problems which encounter in the 4D black
hole physics. Other ones will emerge when both the type of field and the type of
black hole vary 9. In principle, each field type (scalar, spinorial etc.) poses its own
scattering problem which also depends on the type of black hole. It should also be
taken into account that there can exist TICs for many fields on black holes and, as
a consequence, this can increase the number of possibilities. But, as was mentioned
early in the paper, the elements of the corresponding S-matrices are the important
ingredients when calculating miscellaneous quantum effects connected with black
holes. We hope, therefore, to continue the strict study of a number of the mentioned
problems within the framework of our further investigations.
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